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We investigate the roughening transition in the pure Z2 lattice gauge theory in (2+1) dimensions.
Using numerical simulations with matrix product states, we explore the static and dynamical proper-
ties of an electric flux string between two static charges as the coupling is varied and approaches the
deconfinement phase transition from the confined phase. Within the roughening region, we obtain
the universal Lüscher correction to the confining potential and observe the expected restoration of
rotational symmetry. Our simulations of the out-of-equilibrium evolution of a string reveal that the
growth of the entanglement entropy of the state and the string width exhibit qualitatively different
behavior in the roughening region compared to the deeply confined one. In particular, we find that
the rate of entropy growth is consistent with an effective description of the string excitations by a
bosonic model in the roughening phase.

I. INTRODUCTION

Lattice gauge theories are at the center of the most
fundamental theoretical physics and also appear in the
effective description of some of the most interesting con-
densed matter phenomena. Their relevance and complex-
ity in solving them have motivated the interest in numeri-
cal and simulation approaches, and they have been at the
heart of recent advances in the field of quantum simula-
tion [1–7]. Experimentally, some simple instances have
already been realized on a variety of platforms [8–12].

One of the most intriguing aspects of gauge theories
is the confinement phenomenon, which appears as an at-
tractive potential binding together pairs of charges and
preventing their isolated observation. Although the the-
oretical framework for confinement is well-established, its
intricate dynamics, particularly in higher dimensions, re-
main a subject of intense research. A simpler analogy can
be found in (1 + 1)D spin chains, where mesonic bound
states form because of the energy cost associated with the
separation of domain walls [13–17]. However, the situa-
tion becomes more complex in higher spatial dimensions,
such as (2+1)D, primarily due to the transverse degrees
of freedom in the object responsible for confinement, the
electric flux string.

The simple picture of confinement via the electric flux
string is incomplete. The flux tube is fundamentally un-
stable in a continuous space-time, so it becomes delo-
calized for large separations. This fact is signaled by
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its divergent width, as shown in [18]. This is no longer
strictly true for a gauge theory defined on the lattice;
breaking the translation symmetry into a discrete group
makes it possible to support infinitely long strings for
very strong couplings. However, it has been observed
that below some critical coupling gr the electric string
delocalizes nonetheless [19–24]. This signifies that a lat-
tice gauge theory (LGT) goes through what is called a
roughening transition [25–27].

The early numerical analyses of the roughening transi-
tion [27–39], were mainly based on the Euclidean action
formulation of LGT and mainly Monte Carlo techniques,
which means that only static properties could be inves-
tigated. More recently, quantum and quantum-inspired
simulations have been contemplated as potential alter-
natives that could overcome some of these difficulties.
This has motivated an interest in the experimental ex-
ploration of the confinement phenomenology, including
string breaking, in experimental platforms [40–45]. From
the side of classical simulation, tensor networks (TN)
[46–54] have indeed been employed for LGT problems,
and found especial success for equilibrium (1+1)D setups
(see [1, 55] for reviews), but the number of their appli-
cations in this field is ever expanding [56–63], including
real time evolution scenarios [64–71].

Despite its phenomenological nature in high-energy
physics, and in particular in quantum chromo-dynamics
(QCD), confinement emerges independently in the strong
coupling limit of pure LGTs. This striking observation
grants us access to a plethora of simpler LGTs. One of
the most basic yet insightful example is the pure gauge
Z2 model. We already mentioned how increasing the spa-
tial dimensions of our model gives rise to the roughening
phenomenon, therefore we also expect it to occur in the
Z2 case. In this work, we use TN methods to investi-
gate both static and dynamical properties of the rough-
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ening transition in a pure gauge Z2 model in (2+1)D.
The model has a confinement-deconfinement transition.
The presence of the roughening transition means that,
when static charges are introduced, the confined phase is
divided into two regions (see Fig. 1). The first occurs in
strong coupling, where the electric string is smooth and
rigid. On this side lies a strongly confined regime char-
acterized by stiff string excitations, where the transverse
fluctuations of the electric flux string are suppressed, re-
sulting in a flux tube with a finite thickness. The sec-
ond, on the other hand, is a crossover region close to
the deconfining transition. This other side is a weakly
confined regime with floppy string excitations, where
these transverse fluctuations become significant. The
string becomes highly fluctuating and delocalized. In this
floppy regime, the width of the flux tube connecting two
charges diverges logarithmically with the distance sepa-
rating them. This crossover region, where the roughening
occurs, is significant because it indicates that the contin-
uous space-time symmetries are effectively restored while
remaining in a confining phase [20, 72].

The transition between these two behaviors is driven
by the strength of the confining potential, which is in-
trinsically linked to the electric field in the system. This
qualitative change in the nature of the confining string
has profound implications for various physical observ-
ables, including the entanglement entropy of the system
and the spatial extent of the flux tube itself. Defining a
simple, local order parameter that sharply distinguishes
between the stiff and floppy string regimes has proven to
be a non-trivial task. This difficulty arises from the sub-
tle nature of the transition, which is not associated with
a conventional symmetry-breaking pattern characterized
by a local order parameter acquiring a non-zero expecta-
tion value. Recent research suggests that more sophisti-
cated nonlocal measures, such as entanglement entropy
and order parameters related to translational symmetry
breaking, can serve as effective indicators of the rough-
ening transition [73]. The absence of a straightforward
local order parameter underscores the complexity of the
roughening phenomenon and motivates the exploration
of novel diagnostic tools rooted in quantum information
theory and symmetry principles.

The Z2 LGT is well-suited for TN simulations [61, 74–
78]. We use a Hamiltonian formulation of LGTs, based
on the Kogut-Susskind approach [79, 80], and approxi-
mate the states of the system using the matrix product
state (MPS) ansatz [46, 47, 81], which also allows the sim-
ulation of real-time evolution [82]. We study the ground
state of the pure gauge theory across the phase diagram,
with and without external charges. This gives us access
to different observables, including entanglement entropy,
string width, and confining potential, which we use to
determine the roughening region. We also perform dy-
namical simulations, in which we quench the system by
introducing a pair of external charges on the interacting
vacuum. We then follow the evolution of entropy and
string width as a function of time in the various regimes.

deconfin. confinement
g

gc0

Z2 pure gauge

(paramag.) (ferromag.)

crossover
g

gc gr0

Z2 2-particle

FIG. 1. Phase diagram of the Z2 LGT in the vacuum and
the 2-particle sector. In the vacuum sector, there are two dif-
ferent phases (the deconfined phase dual to the paramagnetic
one and the confined phase dual to the ferromagnetic one),
while in the 2-particle sector, an intermediate crossover region
appears.

In particular, for the entanglement entropy, we find quali-
tatively different dynamics within the roughening region,
which can be connected to the effective model describing
the string excitations in such a case. Our approach is
complementary to other recent TN studies of the rough-
ening problem in this model [73, 83].

The manuscript is structured as follows. In Sect. II
we describe the Z2 LGT in 2+1 dimensions, its dual-
ity with the quantum Ising model (Sect. IIA), and the
matrix product state setup for the numerics (Sect. II B).
After that, in Sect. III we first review the roughening
transition, and we proceed with the analysis of four
aspects: string width (Sect. III A), entanglement en-
tropy (Sect. III B), confining potential (Sect. III C), and
restoration of rotational symmetry (Sect. IIID). Subse-
quently, in Sect. IV we study the dynamical properties of
the flux string in the roughening region by observing the
growth patterns of the entanglement entropy (Sect. IVA)
and the string width (Sect. IVB). Final remarks and out-
look are given in Sect. V.

II. MODEL AND SETUP

We consider a Z2 lattice gauge theory (LGT) on a
square lattice Λ with L plaquettes in the horizontal di-
rection 1̂ and N plaquettes in the vertical direction 2̂.
We impose periodic boundary conditions in the verti-
cal direction. We denote the sites with v = (x, y)
(x = 1, . . . , L+1 and y = 1, . . . , N) and the links with the
pair (v, µ̂) where µ̂ is the direction (µ = 1, 2). The expres-
sion (v,−µ̂) has to be understood as the link (v − µ̂, µ̂).

The Z2 LGT has spin-12 degrees of freedom on the
links. We identify σz as the gauge field and σx as the
electric field. With this in mind, we can write the Hamil-
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FIG. 2. Picture of plaquette and link operators in the Z2

gauge model (left) and the corresponding dual operators in
the Ising model (right).

tonian in the spirit of Kogut and Susskind [79]:

HLGT(g) = −g
∑
(v,µ̂)

σx
(v,µ̂) −

1

g

∑
□

(σzσzσzσz)□. (1)

The first term can be interpreted as the electric field en-
ergy, and the second as the magnetic field energy.

In a LGT, together with the Hamiltonian, it is also im-
portant to define gauge transformations, which “rotate”
the gauge degrees of freedom attached to a site. For this
reason, given a site v ∈ Λ, the gauge transformation is
defined as

Gv = σx
v,1̂
σx
v,2̂
σx
v,−1̂

σx
v,−2̂

. (2)

Consider now a general situation where we have a distri-
bution of static charges around the lattice Λ, which can
be denoted with {qv = ±1}v∈Λ, with qv = −1 meaning
that a charge is present in v. The physical states are
those that satisfy

Gv |ϕphys⟩ = qv |ϕphys⟩ ∀v ∈ Λ, (3)

which can be understood as a discretized version of
Gauss’ law.

A. Dual Ising model

It is well known that a pure gauge Z2 model in (2+1)D
can be mapped to a (2+1)D quantum Ising model (or
equivalently a 3D classical Ising model) [84–87]. The
dual model is defined on the dual lattice Λ∗, whose sites
lie at the center of the plaquettes of Λ. We label each
plaquette □ with the site v in the bottom left corner,
which also acts as a label for the corresponding dual site.
Then, we introduce the new operators

µx
v = (σzσzσzσz)□v

(4)

and

µz
(x,y) =

x∏
j=1

σx
(j,y),2̂

(5)

that act on the dual sites of Λ∗. These new operators
satisfy the same algebra of σz and σx and can be used
to map the gauge Hamiltonian (1) into a transverse field
Ising model. To express HLGT in terms of the new vari-
ables (4) and (5), one has to take into account the Gauss
law (3). Consequently, this means that the duality is
sensitive to static charges. Furthermore, the non-local
nature of (5) also makes it dependent on the boundary
conditions.
We find that the dual Hamiltonian can be written

Hdual(g, {qv}) = −1

g

∑
Λ

µx
v−g

∑
ν=1,2

∑
int Λ

ω(v, ν̂)µz
vµ

z
v−ν̂

− g
∑
y

(
µz
(1,y) + µz

(L,y)µ
z
A

)
, (6)

where Λ is the lattice, int Λ its interior (x ̸= 1, L + 1),
and ω(v, ν̂) a phase factor required for the correct imple-
mentation of the Gauss law, defined as

ω(v, ν̂) =

{
1 ν̂ = 1,∏x

j=1 q(j,y) ν̂ = 2.
(7)

The last term in brackets in (6) are boundary terms, and
µz
A is an ancillary spin that takes into account the differ-

ent topological sectors in the case of PBC. In Appendix
A, we show the full steps necessary to build (6). We
see that (6) is a 2D quantum Ising model with defects
introduced by the static charges.

Given that we will consider at most two charges, we
will use the notation H(g; v1, v2) to denote Hdual(g, {qv})
when two charges are put in the positions v1 and v2,

H(g; v1, v2) = Hdual(g, {qv1 = −1, qv2 = −1}), (8)

whereas in the case of no charges (empty charge sector),
we will use instead the notation

H(g;∅) = Hdual(g, {qv = +1, ∀v}). (9)

For later convenience, we will introduce the symbol Γ to
denote the path connecting two static charges.

B. Numerical setup

We simulate Z2 LGT using matrix product states
(MPS). Importantly, instead of working directly with the
gauge Hamiltonian (1), we use the dual Ising Hamilto-
nian (6) in both the vacuum sector and the two-particle
sector. In particular, the Hamiltonian (9) for the former
and (8) for the latter.
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A generic state |Ψ⟩ of n sites, each with (physical)
dimension d can be written in a basis {|i1 · · · in⟩}, where
each ik = 1, . . . d, as

|ψ⟩ =
∑

i1...in

ψi1...in |i1 . . . in⟩ ,

which requires dn coefficients. The main idea behind
MPS is to approximate ψi1...in with a contraction of
lower-rank tensors:

ψ
(MPS)
i1...in

=
∑

σ1...σn

A[1]i1σ1
A[2]i2σ1σ2

· · ·A[n−1]in−1
σn−2σn−1

A[n]inσn−1
,

(10)
where each A[k] (except for the first and last ones) is a
3-rank tensor. Each index σk, called virtual, connects
two neighboring tensors and takes values in the range
{1, . . . , χ}, where χ is called bond dimension. This means
that we only need O(ndχ2) coefficients for (10), in other
words, the memory complexity is now polynomial with
the size of the system.

Since in the roughening region the width of the string
only grows logarithmically with its length, we do not need
large transversal dimensions, and we restrict the study
to narrow cylindrical systems of size L × N , with N ≪
L (Fig. 3). We represent the states of the system as
MPS, where each tensor corresponds to a vertical strip
of the lattice and thus has a physical dimension dN . The
whole setup is depicted in Fig. 3. This representation has
exponential memory cost in transverse size of the lattice,
which is thus limited to small values of N , while the cost
is only polynomial in the longitudinal size.

We simulate the dual Hamiltonian (6) with MPS for
a variety of parameters. That is, different lattice sizes
L × N , couplings g, and configurations of charges with
bond dimensions up to χ = 256. We chose to work with
the dual Hamiltonian because it is much more efficient,
as it involves fewer degrees of freedom and at most two-
body interaction terms. For the static properties, we
compute the ground state via variational search over the
MPS family, while for the dynamics, the time-evolving
block decimation (TEBD) algorithm is employed for the
time evolution [46, 47]. An error analysis of the numerical
simulations is presented in Appendix E.

III. THE ROUGHENING TRANSITION

The typical picture of confinement involves the forma-
tion of a flux tube, or string, that binds two charges. In
a (2+1)D gauge theory, the flux string is effectively a
(1+1)D quantum system, as it can only oscillate along
one transversal direction. These fluctuations, depend-
ing on the coupling g, can be of two types: massive or
massless [19, 72]. In the massive case, there is a finite
non-zero energy cost for each deformation from the equi-
librium position. Hence, the string can be considered as
rigid and smooth. This happens deep inside the strong
coupling region g ≫ gc, where the magnetic fluctuations

L

NΓΓ

R

2N

χ χ

FIG. 3. Cartoon picture of the setup. From the vacuum of
a pure Z2 LGT, we create a string of length R and path Γ
in a 2D system of dimensions L×N , with periodic boundary
conditions along the transversal direction. The edges of the
direct lattice are shown with a solid line, while those of the
dual lattice are shown with a dotted line. The dual links af-
fected by the phase factor (7) are highlighted by blue dashed
lines. Because we expect a logarithmic growth of the string
in the transversal direction, this setup is still efficient for the
simulation of the string dynamics with MPS methods. Each
tensor of the MPS has bond dimension χ and physical dimen-
sion 2N and represents a whole vertical strip of the 2D model.

induced by the plaquette terms are de facto suppressed,
forcing the string into its equilibrium configuration. On
the other hand, decreasing the coupling makes the mag-
netic fluctuations more prominent, which lowers the cost
of these deformations. When this penalty disappears,
we reach a massless (or critical) regime, which leads to
a highly fluctuating string. Or, in other words, a rough
string. Not only that, it has been shown that the string
delocalizes and its width diverges logarithmically with R,
while keeping a non-zero string tension, meaning that it
is not a deconfining phase [18]. Therefore, in the massless
case, an infinitely long string is fundamentally unstable
[20].

From the above discussion, the flux string manifests
different phases within the confinement phase. In partic-
ular, it undergoes a roughening transition at some cou-
pling gr, distinct from the deconfining transition gc, that
leads to a new crossover region gc < g ≤ gr appear-
ing inside the confinement phase (see Fig. 1). We will
also refer to this region sometimes as the weak coupling
region (not to be confused with the deconfining phase)
or roughening region. It can be shown that the roughen-
ing transition is a Berezinskii-Kosterlitz-Thouless (BKT)
transition [25]. It is not a second-order phase transition
but an infinite-order one, and it cannot be characterized
by the symmetry-breaking of a local order parameter [88–
91].

In the rest of this section, we will explore and an-
alyze four key phenomena associated with roughening:
(i) the divergence of the string width; (ii) the entangle-
ment entropy scaling with R; (iii) sub-leading corrections



5

to the confining potential; (iv) the restoration of rota-
tional symmetry. Before continuing, we want to remark
on two important facts. First, in the crossover region,
the “background” gauge theory is still in a gapped phase
(confinement), only the flux string as a new effective
(1+1)D quantum system has to be considered gapless.
Second, with dynamical matter, strings of an arbitrary
large length R are not allowed. After a certain sepa-
ration, the string-breaking mechanism would enter into
action, producing bound states of the charges (mesons).
In our case, we are substantially considering a pure gauge
theory with at most two external charges that have no
dynamics, frozen into their positions, which are coupled
to the gauge fields only via the Gauss law.

The roughening region is limited to the confined phase,
and ends at the deconfining transition gc = 0.5731 [92].
We can locate this transition from our simulations, an-
alyzing the ground state of the vacuum sector. We find
that both the dual magnetization and the entanglement
entropy in this case (see Appendix B) yield values for the
deconfining point consistent with the exact one.

In this section, to investigate the roughening phe-
nomenology, we compute the variational ground state
of the model on a L × N lattice with periodic bound-
ary conditions along the transversal direction (N is the
transversal size). We consider both the empty charge
sector and the one with two charges, which are always
positioned in the bulk such that the string is centered
along the x-axis (see Fig. 3). The properties of the string
are systematically studied as a function of the coupling
g, the transversal size N , and its length R.

A. String width

One of the main characteristics of the roughening tran-
sition, and consequently of the entire crossover region, is
the logarithmic divergence of the string width w2 as a
function of charge separation R, i.e., w2 ∼ logR. To ob-
serve this phenomenon, we follow [18] and define first the
electric field energy above the vacuum, which measures
the variation in the electric field caused by the string,

E(x, y) = −1

2

(
⟨Ωv1,v2

|σx
(x,y),1̂

|Ωv1,v2⟩ − ⟨Ω∅|σx
(x,y),1̂

|Ω∅⟩
)
,

(11)
where |Ωv1,v2⟩ and |Ω∅⟩ are the ground states of
H(g; v1, v2) and H(g;∅), respectively. We consider only
the horizontal links (µ = 1) for simplicity. Then, we de-
fine the string width w2 as the variance of E in transversal
direction, taken in the middle of the string:

w2 =

∑
y(y − y0)

2E(x0, y)∑
y E(x0, y)

, (12)

where (x0, y0) are the coordinates of the central point
between both charges, and the sum runs over all the
transversal range.
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FIG. 4. Numerical results on the string width w2 and en-
tanglement entropy S for a system size in the longitudinal
direction of the string, L = 30, and in the transversal direc-
tion of the string N = 6, if not specified otherwise, with
coupling step ∆g = 0.01 together with a maximum bond
dimension χmax = 128. (a) String width w2 (12) vs. the
coupling constant g with fixed string length R = 20 and dif-
ferent transversal sizes N ; The gray dotted line indicates the
deconfining transition point gc. The inset shows the depen-
dence on R ∈ [10, 20] within the roughening region for N = 6.
(b) String width w2 vs R for different couplings; The dotted
lines indicate the logarithmic fit in R for each g. (c) En-
tanglement entropy S vs. g for different lengths R; The inset
shows the dependence of the maximal curve on N . (d) Entan-
glement entropy S vs. R for different couplings g across the
phase diagram. Inset : extrapolation of the central charge,
with χ = 256 and ∆g = 0.025.

In Figs. 4a–b, we have computed the string width w2

in a lattice of longitudinal size L = 30. In the left panel,
we kept R = 20 and varied both the transversal size
(N = 4, 5, 6) and the coupling (g ∈ [0.4, 1.0]). As it can
be seen, w2 grows in the crossover region as g → gc (the
critical point indicated by the gray dotted line) but sat-
urates at different values of g depending on N . It is a
clear sign that w2 is limited by the transversal size N . In
the right panel, the transversal size is kept fixed (N = 6)
and the width is plotted as a function of R for different
values of g across the phase diagram. w2 grows slowly
with R inside the crossover region, while being constant
outside of it. Indeed, both in the strong confinement and
in the deconfined region, the results are independent of
g but with different features. In the strongly confined
region, we expect w2 → 0 since the string is rigid, while
in the deconfined region it will saturate because of the
limited transversal size [93]. The growth with R in the
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FIG. 5. Numerical results on the confining potential (16) across the roughening transition for a system size in the longitudinal
direction of the string, L = 30, and in the transversal direction of the string N = 6, if not explicitly stated. (a): String tension
σ vs. coupling constant g (coupling step ∆g = 0.01 and χmax = 128); For large coupling σ ∼ 2g as shown by the inset. (b):
Universal Lüscher term γ for N = 4, 5 and 6 in the crossover region (∆g = 0.025 and χmax = 256); We have reported the values
of γ only when the string width is not saturated at the given N (see Fig. 4a). (c): Difference of the on and off-axis potential
terms σ and β in (16); In this case a 50× 5 lattice to allow for larger strings.

roughening region is compatible with a logarithmic func-
tion, as shown by the fit in dotted line, which confirms
the general prediction of [18].

B. Entanglement entropy

Given a bipartition A ∪ B of the whole system and a
state ρ, the entanglement entropy (EE) is defined as

S = −Tr(ρA log ρA) = −
∑
i

pi log pi (13)

where ρA is the reduced density matrix TrB(ρ) and pi
are the Schmidt values. Through the EE, it is possible
to obtain a more quantum-informational perspective on
the crossover region. We consider a transverse cut of the
cylinder in two equal parts of length L/2 and compute the
EE for this bipartition, which corresponds to the middle
bond in our MPS representation.

The flux string is effectively a one-dimensional system,
and it is known that in (1+1)D the EE scales differ-
ently with the subsystem size depending on the phase
[94]. In a critical phase, it grows logarithmically due to
the diverging correlation length, while it is capped in a
gapped phase due to the short-range correlations. There-
fore, when the string is highly fluctuating, meaning that
it is critical, we expect the EE to show a dependence on
R. We verify that this is indeed the case, as illustrated
in Fig. 4c–d, where we show the EE in a 30 × 6 lattice
for g ∈ [0.4, 1.0] and R = 15, . . . , 20. We see that in
the crossover region 0.6 ≲ g ≲ 1.0, the EE develops a
dependence on R (Fig. 4c) that is compatible with a log-
arithmic growth (Fig. 4d). This behavior then dies out
when moving away from the crossover region.

Furthermore, it has been shown in [95–98] that the
scaling coefficient of the EE in a 1D critical state depends

on c, the central charge, as

S ∼ c

6
log(R) + const. (14)

From the logarithmic fits of the EE for different g, as
the ones shown in Fig. 4d, we find that the extracted
central charge plateaus around c ≃ 1 in the crossover
region, as shown in the inset of the panel, consistent with
an effective description of the fluctuating string at low
energies by a massless boson theory, as discussed in the
next subsection.
On a final note, we also observe a dependence on the

transverse size of the system N , as shown in the inset of
Fig. 4c, especially when close to the deconfining point gc.
We regard this as an effect of the finite-size dependence
of the EE near a second-order phase transition.

C. Confining potential

The energy stored in a flux string connecting two static
charges produces a confining potential that corresponds
to the energy cost to create such a string state from the
vacuum of the theory. In the Hamiltonian picture, the
confining potential can be measured as the difference be-
tween the energies of the ground states with and without
charges.

V (g, r⃗) = ⟨Ωv1,v2 |H(g; v1, v2)|Ωv1,v2
⟩−

− ⟨Ω∅|H(g;∅)|Ω∅⟩ , (15)

where H(g; v1, v2) and H(g,∅) are defined respectively
in (8) and (9), while |Ωv1,v2⟩ and |Ω∅⟩ are their respec-
tive ground states. The charges are positions in v1 and v2
with the vector r⃗ connecting them. As can be expected,
the energy of a string in the confined region grows lin-
early with its length, meaning that at the zeroth order
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V (g, r⃗) ≃ σ(g)r, where σ(g) is the string tension and
r = |r⃗|. The presence of subleading terms in the poten-
tial is a key difference between the weakly confined and
strongly confined phases and will be discussed shortly. In
the deconfining phase (g < gc), the notion of a binding
string is not well defined, or even nonsensical, since the
charges are not bound to each other.

Predictions about the confining potential can be ob-
tained from a proper modeling of the quantized string.
In particular, one can predict that when the string is
massless, the potential acquires extra universal sublead-
ing terms for each transverse direction to the string
[20, 29, 30, 34, 99–101]. These terms are universal in
the sense that they are independent of the gauge group,
hence they are expected also for a Z2 LGT [19, 21, 23].

The current understanding [29, 30, 34, 101] of these
correction terms is based on the following argument. In
aD-dimensional space-time, the string can fluctuate only
in D − 2 transversal directions. At first approximation,
these fluctuations can be modeled as D − 2 uncoupled
Gaussian fields in 1+1D, one for each transversal direc-
tion. From models like the Coulomb gas or the planar XY
model, it is known that a Gaussian model in 1+1D has
a BKT phase transition that separates a massive phase
from a critical one [88–91], which in our language corre-
sponds precisely to the roughening transition [25]. There-
fore, in the critical phase, the fluctuations are described
by massless bosons, and at finite size their free energy has
a 1/r correction due to the conformal anomaly [102–104].

This first correction to the potential is the so-called
Lüscher term [20, 99], which corresponds to the sum
of the Casimir energies of the bosons. In the case of
open strings we have ECasimir = −π/24r, while for closed
strings ECasimir = −π/6r (with central charge c = 1)
[102–104]. Summing up the contributions from each
mode, one obtains that

V (g, r⃗) = σ(g)r + β +
γ

r
+O(r−3) (16)

where σ(g) is the string tension, β a constant that de-
pends at most on g and the 1/r coefficient term is given
by

γ = − π

24
(D − 2). (17)

In our case D − 2 = 1. It is important to point out that
the value (17) of γ is valid within a (discrete) Lorentz-
invariant [105] formulation of LGTs, which is not the case
for a Hamiltonian framework [20]. When going to the
Hamiltonian formalism in the lattice, the Casimir energy
has to be rescaled by a (non-universal) speed of sound
factor vs, related to the relative scale of time and space
discretizations.

In Fig. 5a–b, we have calculated the potential and ex-
tracted the values of string tension σ and the Lüscher
term γ for N = 4, 5, 6 by fitting (16). For the fit, we
use a set of charge configurations, where both external
charges are along the horizontal axis, separated by dis-
tances R = 7, 8, . . . , 21. In Appendix E, we show how

the finiteness of the string lengths influences the deter-
mination of the subleading terms of the potential. The
string tension is confirmed to be non-vanishing in the
crossover region, meaning that we are, in fact, not observ-
ing a deconfining transition. Meanwhile, the behavior of
the Lüscher term is much more interesting. It reaches
a plateau at −π/12 and not at −π/24 in the crossover
region. Considering that we have only one transversal
direction in (17), this suggests that the speed of sound in
the effective string model is vs ≃ 2 across the crossover
region in our system. Higher-order corrections to (16)
are expected from a more accurate modeling of the flux
string, which is a topic discussed in Appendix C.

D. Restoration of rotational symmetry

An interesting feature of the roughening transition in
LGTs is the restoration of rotational symmetry [72]. On a
lattice, a flux string behaves very differently from its con-
tinuum counterpart, especially at strong coupling. Not
only does the string’s spectrum become discrete, but it
can also strongly depend on its orientation, meaning that
the rotational invariance of the potential is broken.
To visualize this fact, we may compare the scenar-

ios of two charges on- and off-axis. In the first case,
both charges lie along the same lattice axis (in our case
along a horizontal leg of the lattice), in the second, both
charges have different vertical coordinates (see left panel
of Fig. 6). The main contribution to the potential comes
from the electric field on the links along the shortest lat-
tice path connecting the two charges. In the on-axis case,
this path is unique, and each deformation of it can have
a finite cost in energy. Meanwhile, in the off-axis case,
there is a degeneracy in the lowest energy configuration of
the string, as there are multiple paths of the same min-
imal length connecting the charges (see Fig. 6c). This
means that the off-axis string cannot be rigid but is al-
ready fluctuating, and it has been shown that it is already
“rough” [106]. Therefore, the confining potential does
not simply depend on the distance between the charges,
i.e., on the length of the vector connecting their positions,
but also on its orientation, hence breaking rotational in-
variance. As transverse excitations of the string become
massless, the difference between on- and off-axis strings
vanishes, and this restoration of rotational symmetry is
a signature of the roughening point [72, 106].
Let r⃗ = (∆x,∆y) be the vector connecting the posi-

tions of the two charges, the off-axis case corresponding
to |∆y| > 0. In the strong coupling regime g > gr, the
leading order contribution to the potential is given by the
electric field on the links of the minimal lattice path con-
necting the charges. There are multiple minimal paths,
but they all involve |∆x| and |∆y| links in the 1̂ and 2̂ di-
rections, respectively, meaning that V (r⃗) ∝ |∆x|+ |∆y|.
This leads us to the definition of the kink mass mk as
the energy contribution of a kink in an off-axis string.
Following [72], in the strong coupling regime g ≫ gr, the
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FIG. 6. Different string configurations. (a) On-axis string. (b) Lowest excited configuration of on-axis string (kink-antikink
pair). (c) Off-axis string with a single kink; off-axis charges have multiple minimal paths connecting them. (d) Behavior of the
kink mass mk (20) in the confined phase, at fixed R and the extrapolation to R → ∞; for clarity only R = 10, 15, 20 are shown
even though the extrapolation has been done from the set R = 10, 11, . . . , 20. (e) Vanishing of the kink mass fitted against the
gap function of a BKT transition; we obtain a transition point gr ≃ 0.91. Both (d) and (e) are computed for a 30× 5 lattice.
We have used 41 points in the interval [0.8, 1.0] and 11 points in [1.0, 2.0].

potential of a slightly off-axis string will behave asymp-
totically as

V (r⃗) ≃ σ|∆x|+mk|∆y| |∆x| ≫ |∆y|, (18)

where σ is the string tension. With this definition, we
expect the kink mass mk to have a dependence on the
string tension σ. When the rotational symmetry gets
restored at weak coupling gc < g ≤ gr, the potential
should depend only on the distance between the charges,
meaning that

V (r⃗) = V (r) ≃ σ
√
(∆x)2 + (∆y)2 (19)

at the leading order.
The transition from (18) to (19) is expected to be non-

analytical [72] and can be directly observed. Given (18),
we can extract the kink mass from our simulations by
comparing the energies of two ground states with a pair of
static charges placed either on a horizontal lattice axis, at
a (large) distance R, or off-axis, at the same longitudinal
distance but with the minimal transversal displacement,
via

mk(R) = V (r⃗off)− V (r⃗on), (20)

where r⃗on = (R, 0) and r⃗off = (R, 1) (see Fig. 6a and
c). In other words, we introduce a single kink in the
string and measure the difference in the potential. At
very strong coupling g ≫ gr we expect the kink mass to
be practically equal to the string tension, i.e. mk/σ ≃ 1.
In contrast, we expect mk/σ ≃ (2R)−1 in the crossover
region, which we obtain by substituting (19) in (20) and
expanding for large R. There is indeed a qualitatively
different behavior when crossing the roughening transi-
tion, in particular the kink mass vanishes for R → ∞
in the crossover region, while staying finite in the strong
coupling region.

One may be tempted to consider mk as equivalent to
the excitation gap of the string. However, this interpre-
tation is valid only for the on-axis string in the strong-
coupling regime. This is because the lowest excited con-
figurations are represented by a kink and “antikink” pair,

as shown in Fig. 6b, whose energy gap is 2mk. In the
weak coupling region, the kink mass in (20) only repre-
sents the difference in energy between a string of length R
and

√
R2 + 1, which does not reflect the excitation gap.

With this warning in mind, we can try to compare mk

for g > gr against the gap ∆ of a BKT transition [90]

∆(g) ∼ A exp

(
− b√

g − gr

)
, (21)

where A and b are to constant to be determined. To get
an estimation of the roughening point, the kink mass mk

in the limit R → ∞ has been fitted against (21). This
yields a value gr ≃ 0.91, which is comparable with the
recent literature [73, 83], and the details are presented in
Appendix D.
In Fig. 6d–e, we have computed the kink mass in a

30 × 5 lattice and for separation R = 10, 11, . . . , 20 and
extrapolated the values for R → ∞. We observe a van-
ishing of the kink mass in the region g ≲ 1.0, which is
in agreement with the picture of rotational invariance
restoration. To further corroborate this point, we also
compare the potential for on-axis and off-axis charges.
Meaning, that in both cases the potential is computed
and fitted against the expression (16) and then the lead-
ing parameters, σ and β, are compared. We used a 50×5
lattice with horizontal separations R = 25, 26, . . . , 30. In
the case of rotational invariance we expect the differences
σoff − σon and βoff − βon to vanish. Indeed, the results
in Fig. 5c are compatible with this expectation, with the
differences vanishing around gr ≃ 0.91. Further results
are in Appendix E.

IV. DYNAMICAL STUDIES

A quantum quench involves a sudden change in the
Hamiltonian of the system, driving it out of its initial
equilibrium state. Understanding the system’s response
to such sudden perturbations provides valuable informa-
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tion about its excitation spectrum and the nature of in-
teractions, offering a complementary perspective to the
static analysis of the roughening transition.

To isolate the roughening phenomenology under dy-
namics as much as possible from the properties of the
bulk, we simulate quenches by applying a string oper-
ator ΠR−1

m=0σ
z
(x0+m,y0),1̂

on the interacting vacuum state,

variationally obtained in the sector of no charges for a
certain value of the coupling g, and letting the system
evolve with the same Hamiltonian. Because the bulk
is in the corresponding ground state, the quench has a
relatively local character, restricted to the string. For
efficiency reasons, we perform these simulations in the
dual model, where the effect of applying the string op-
erator is that of actually changing the Hamiltonian (6),
from (9) to (8), as the insertion of new static charges
changes the sector. This translates into a modification of
the nearest-neighbor interaction between the dual elec-
tric field variables along the path of the string operator.
Thus, in our simulations, we prepare the initial state at
t = 0 as the ground state |Ω∅⟩ of the vacuum Hamil-
tonian H(g;∅). Then, for t > 0, we evolve the ground
state with the two-particle HamiltonianH(g; v1, v2). The
difference between the two Hamiltonians is

H(g; v1, v2)−H(g;∅) = 2g
∑
v∈Γ

µx
vµ

x
v−2̂

, (22)

where Γ is the lattice path connecting the two charges,
which are at a distance R between each other. Thus,
while H(g;∅) has only ferromagnetic interactions, our
quench introduces antiferromagnetic defects along the
path Γ. From the point of view of the dual Ising model,
considering that the confined phase corresponds to a fer-
romagnetic phase, this quench protocol introduces a do-
main wall of length R inside the ordered region. We have
simulated quenches as described above at different values
of the coupling g, for varying string length R. Our TEBD
simulations allow us to keep a faithful approximation of
the evolved state at short and intermediate times, before
the truncation error becomes too large.

A similar study was conducted in [83], although the sit-
uation analyzed in it is quite different. Since the initial
state in [83] is a product state with two differently polar-
ized regions, the quench is global. In our case, we take as
the initial state the ground state of the pure gauge the-
ory, which is not necessarily a product state. In this way,
we isolate the string dynamics from the “background”,
which remains mostly stationary.

A. Entanglement entropy dynamics

The behavior of entanglement entropy after a quench
can reveal substantial information about the system. In
general, for (1+1)D cases, the entropy grows linearly
with time. In integrable models, this is traced back to
the propagation of quasiparticle excitations [107–109],

whereas its origin in more generic systems is still in-
vestigated [110–112]. Alterations of this generic growth
can occur, for instance, in the presence of strong dis-
order [113, 114], or in systems with confinement, where
the formation of bound states constrains the dynamics of
quasiparticles [15].
Because our quenches explore the dynamics of the

string in regimes where its effective description has dras-
tically different properties, we can expect that the be-
havior of the entanglement entropy is sensitive to such
phases. In particular, we find that the rate of entan-
glement growth exhibits qualitatively different features
across the confining region, which distinguish the rigid
and fluctuating phases of the string.
Within our MPS setup, we can determine the EE as a

function of time. Fig. 7a shows its evolution after per-
forming the quench with a string of fixed length R = 10,
on a cylinder of width N = 5 for the coupling sweep-
ing from the weak confinement (g = 0.75, 0.8, 0.9 and
δt = 0.01) to the strong confinement (g = 1.0, 1.2 and
δt = 0.02). After a transient at short times, we can ob-
serve a period of approximate linear growth of the EE for
intermediate times, marked with a gray shaded area in
the figure. In the strongly confined region, the rate of this
growth seems to decrease as g increases. Instead, within
the roughening region, the rate becomes essentially inde-
pendent of the coupling g, with a slope around 0.97(5).
This observation is consistent with the general expecta-
tion of a linear growth in critical 1D systems [107].

Fig. 7b shows, on the other hand, the time-evolution
as a function of the string length. We have considered
string lengths R = 10, 11, 15, 20, with the coupling fixed
in the crossover region (g = 0.8 and δt = 0.05) on a lat-
tice with N = 6 and maximum bond dimension χ = 256.
We observe that the initial short-time transient and the
consequent period of linear growth are unaffected by the
change of R. The rate of growth appears to be inde-
pendent of the string length. Instead, we notice that for
different R’s the EE saturates at different values, each at
its time t∗(R).

B. String width dynamics

In the same dynamical setup, in addition to the EE, we
have also measured the width of the string w2 as a func-
tion of time. By looking at its evolution, we can observe
how the electric field spreads around the string after a
quench. In Fig. 7c–d, we show the time dependence of
w2, varying both the coupling g and the string length
R, using the same simulation parameters of the previous
section.

What we see is a stark difference compared to the EE.
First, in Fig. 7c, where the string length is fixed (R = 10)
while the coupling is varied, we observe a strong depen-
dence of the growth rate on the coupling, even in the
crossover region. Second, in Fig. 7d, where instead the
coupling is fixed to g = 0.8 and R varied, the evolution
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FIG. 7. Time evolution of EE S(t) (upper panels) and string
width w2(t) (lower panels). In the panels (a) and (c), we con-
sider a 30 × 5 lattice with variable g and fixed string length
(R = 10); the maximum bond dimension is χmax = 128. Con-
versely, in (b) and (d), a 30 × 6 lattice is considered instead
with a variable R and coupling g = 0.8, fixed in the crossover
region; the bond dimension is increased to χmax = 256. The
shaded area in (a) displays the period of linear growth of the
EE, which is approximated by the red dashed line with a slope
of 0.97(5). The markers in (b) show the saturation times t∗

for each length R.

of w2 is uniform in R up to the saturation point, which
also does not depend on R. Further numerical details on
the dynamics are given in the Appendix E.

C. Electric field dynamics

To further enrich our picture of the dynamics, we de-
pict in Fig. 8 the time evolution on the electric basis of
a slice of the cylinder. In this visualization, we are going
back to the original gauge model on the direct lattice. We
consider the electric field on the middle horizontal links
of a 30×5 lattice and display their dynamics for three key
parameters: inside the crossover region (g = 0.75), near
the roughening transition (g = 0.9), and in the strongly
confined phase (g = 1.2).
For g < gr, a spread of the fluctuations is noticeable,

with a rate consistent with the one observed in Fig. 7c.
Closer to the deconfining point (g = 0.75), the spread is
much wider. On the other hand, when g > gr, the string
is visibly rigid in time with its fluctuations suppressed,
meaning that the system is only slightly perturbed by
the introduction of the string.
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FIG. 8. Electric field in time along a slice of the cylinder:
(a) inside the crossover region (g = 0.75 and δt = 0.01);
(b) near the roughening point (g = 0.9 and δt = 0.02); (c)
strongly confined (g = 1.2 and δt = 0.02). As a measure of
the electric field, we have used the expectation value of the
occupation number (1− σx

v,1̂
)/2, computed on the horizontal

links in the middle of the cylinder. We have highlighted the
linear spreading of the electric field in (a) with solid red lines
(with slope equal to one).

V. CONCLUSIONS AND OUTLOOK

The research carried out in this paper demonstrates
the power of tensor network methods to quantitatively
analyze the roughening transition and the consequent
crossover region. We have directly observed different as-
pects of this transition, including: the logarithmic diver-
gence of string width; the critical scaling of the entan-
glement entropy; universal corrections in the confining
potential; and the restoration of rotational symmetry on
the lattice. The resulting scenario matches the descrip-
tion of the critical string via a (1+1)D massless boson.

We also performed a qualitative study of the string dy-
namics by exploring the local quench where the string is
created in the vacuum of gauge theory, comparing the
weak and strong confinement regions. The behavior of
the entanglement is again in agreement with the predic-
tion of 1D critical systems. Furthermore, we also offer
a complementary view by displaying the string width in
time, which measures the spread of the electric field.

Nevertheless, to develop a more complete picture of the
string dynamics, we require a more thorough study with
longer times. Moreover, developing theoretical models
to describe the time evolution of string width will fur-
ther enhance our understanding. Additionally, extending
these investigations to lattice gauge theories with differ-
ent gauge groups and matter content will help establish
the universality of the observed phenomena. The study
of off-axis string dynamics could also provide relevant
insights since their nature is rough by definition.



11

Finally, the exciting progress in quantum simulation
opens the door to experimentally probing the dynamical
aspects of the roughening transition, potentially provid-
ing a direct validation of the theoretical predictions dis-
cussed in this manuscript. The continued exploration of
dynamical phenomena in the roughening region promises
to deepen our understanding of fundamental aspects of
quantum field theory and its applications in various ar-
eas of physics. The field of quantum simulation has wit-
nessed significant advancements in recent years, with ex-
perimental platforms increasingly capable of simulating
the dynamics of lattice gauge theories. These experimen-
tal efforts, often utilizing systems of trapped ions, super-
conducting qubits, or neutral atoms, offer the exciting
prospect of directly observing the dynamical behavior of
electric flux strings and potentially studying the rough-
ening transition in a controlled laboratory setting.
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Appendix A: Duality transformation with static
charges

We consider a lattice Λ with L plaquettes in the hori-
zontal direction 1̂ and N plaquettes in the vertical direc-
tion 2̂. The sites are labeled as v = (x, y), with integer

coordinates x and y along 1̂ and 2̂, respectively. With pe-
riodic boundary conditions in the vertical direction, we
have x = 1, . . . , L+ 1 and y = 1, . . . , N , with y+N ≡ y.
From Λ we define the dual lattice Λ∗, where the pla-
quettes of the former are the sites of the latter. Each
plaquette □ (hence dual site) is labeled with its direct
site v in the bottom left corner.
The main idea of the duality is to map the plaquette

states into spin- 12 states. We first define the set of oper-
ators µx

v and µz
v for each site of the dual lattice. They

have the same operator algebra as σz and σx. Then, we
define µx

v as the plaquette operator at the site v

µx
v = (σzσzσzσz)□v

. (A1)

Subsequently, we can define µz at v = (x, y) as a string
of σx starting from the left boundary x = 1:

µz
(x,y) =

x∏
j=1

σx
(j,y),2̂

. (A2)

Notice that the definition of µz
v involves only the σx op-

erators on the vertical links.
To write down the dual Hamiltonian, we need to invert

(A1) and (A2) and express the operators in (1) as a func-
tion of µx and µz. The plaquette term is given by (A1)
by definition, while the electric terms require a bit more
work. On the vertical links, away from the boundary, we
observe from (A2) that the electric field can be written
down as an interaction term:

σx
(x,y),2̂

= µz
(x,y)µ

z
(x−1,y). (A3)

On the leftmost boundary x = 1, µz and σx
2̂
coincide,

meaning

µz
(1,y) = σx

(1,y),2̂
. (A4)

On the other hand, on the rightmost boundary x = L+1
it is necessary to introduce an ancillary spin µz

A:

σx
(L+1,y),2̂

= µz
(L,y)µ

z
A. (A5)

The role of this ancilla needs a separate discussion, which
will be dealt with later, about the topological sectors of
the gauge model.

Now the goal is to find an expression for the electric
fields σx

1̂
on the horizontal links, which can be achieved

by consecutive applications of the Gauss law. We start
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with the leftmost boundary x = 1, by considering the
action on physical states of the Gauss law at a site (1, y):

G(1,y) = σx
(1,y),1̂

σx
(1,y),2̂

σx
(1,y),−2̂

= q(1,y). (A6)

We can substitute (A4) in place of σx
(1,y),2̂

and σx
(1,y),−2̂

in the above expression and obtain

σx
(1,y),2̂

= q(1,y)µ
z
(1,y)µ

z
(1,y−1). (A7)

Notice that σx
(1,y),2̂

depends on the charge q(1,y). Then,

we move to the left and consider the column x = 2. Here,
the Gauss law at the site (2, y) reads:

G(2,y) = σx
(2,y),1̂

σx
(2,y),2̂

σx
(2,y),−1̂

σx
(2,y),−2̂

= q(2,y). (A8)

Now we can substitute both (A3) and (A7) and express
σx
(2,y),1̂

in terms of dual operators:

σx
(2,y) = q(1,y)q(2,y)µ

z
(2,y)µ

z
(2,y−1). (A9)

We see that now it depends on the product of charges
q(1,y)q(2,y). This process can then be iterated for all the
other fields on the horizontal links, obtaining:

σx
(x,y),1̂

= η(x, y)µz
(x,y)µ

z
(x,y−1), (A10)

with a phase factor

η(x, y) =

x∏
j=1

q(j,y) (A11)

that depends on a product string of charges. We can write
down the mapping of the electric fields in a general way
as

σx
v,µ̂ 7→ ω(v, ν̂)µz

vµ
z
v−ν̂ , (A12)

where ν̂ is the direction perpendicular to µ̂. In our case
we have (v = (x, y))

ω(v, ν̂) =

{
1 ν̂ = 1,∏x

j=1 q(j,y) ν̂ = 2.
(A13)

From (A12) and (A13), we see that the Gauss law is
automatically satisfied:

Gv = ω(v, 2̂)ω(v, 1̂)ω(v − 1̂, 2̂)ω(v − 2̂, 1̂) = qv. (A14)

Putting together all these results, we obtain the final dual
Hamiltonian

Hdual = −1

g

∑
v∈Λ

µx
v − g

∑
ν=1,2

∑
v∈int Λ

ω(v, ν̂)µz
vµ

z
v−ν̂

− g
∑
y

(
µz
(1,y) + µz

(L,y)µ
z
A

)
(A15)

We remark on the following important fact: the infor-
mation about the static charges is not encoded in the

µzµz

σx

∏
q(j,x) σx

FIG. 9. In a dual formulation of the Z2 LGT, initial plaquette
interaction maps to local magnetic fields of the Ising model,
and electric field terms map to nearest neighbor interaction
in the transversal direction. In particular, electric fields on
horizontal links (right) depend on products of charges along
a horizontal path (highlighted in yellow).

degrees of freedom of the dual model per se, but only
in the couplings of the interaction term µzµz. The extra
phase factor that appears in this term carries the content
of the Gauss law at each site, as shown by (A14).
The last point left up for discussion is the role of the

ancillary qubit and the topological sectors of the gauge
model. The key insight is the fact that the plaquettes
states do not actually fully specify a physical state, due
to the possibility of non-contractible electric loops on
the cylinder. An electric string is a path along which
σx = −1, and a loop is just a closed string. A non-
contractible electric loop is an electric loop that goes
around the cylinder and cannot be removed via plaquette
operators. It is possible to define an indicator for these
non-contractible loops. Consider the string operator at
vertical position y:

Sy =

 y−1∏
y′=0

L+1∏
x=1

q(x,y′)

 L+1∏
j=1

σx
(j,y),2̂

, (A16)

The product in brackets is a sign factor that depends on
the number of charges below the string in y. The val-
ues of Sy are either +1 or −1 in the vacuum sector, are
independent of y, and are invariant under the applica-
tion of gauge-invariant operators. Hence, the different
eigenspaces of Sy are the different topological sectors of
the gauge mode. Using (A3), (A4), and (A5) we obtain

Sy = σx
A, (A17)

meaning that the value of the ancilla depends on the
topological sector.

Appendix B: Finite-size scaling for the deconfining
transition

The gauge Hamiltonian (1) in the vacuum has two
phases, a confining one for strong coupling g ≫ 1 and a
deconfining one for weak coupling g ≪ 1, with a second-
order phase transition between them (see Fig. 1). In
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the confinement phase, the electric term dominates, and
the excitations induced by the plaquettes are suppressed.
Conversely, in the deconfinement phase, the magnetic
term dominates, which, combined with Gauss’ law, re-
alizes a ground state that is a superposition of all the
possible gauge-invariant configurations.

The vacuum phase diagram of the gauge model can be
mapped onto the phase diagram of the quantum Ising
model. The confining and deconfining phases, there-
fore, correspond to the ferromagnetic and paramagnetic
phases, respectively. The duality also extends to the
phase transition point. This means we can detect the
critical point gc of the gauge model by finding its dual in
the Ising model. The order parameter of the dual Ising
model is the magnetization

M =
1

N

∑
x

⟨µz
x⟩ , (B1)

which has a second-order phase transition at the critical
point. Therefore, we expect the magnetic susceptibility
χM = dM/dg to diverge with a critical exponent γ:

χM ∼ |g − gc|−γ
. (B2)

This, however, is true only in the thermodynamic limit
L → ∞. At finite size, we see finite peaks of height

χ
(L)
c at positions g

(L)
c . The latter can be considered as

pseudo-critical points and shifted to the true value gc.
We avoid boundary effects on the magnetization by con-
sidering only sites in the bulk of the system.

We can apply the following reasoning to extract the
true critical point. The correlation length ξ is also ex-
pected to diverge at the critical point with critical expo-
nent ν,

ξ ∼ |g − gc|−ν
. (B3)

But it is hindered by the finite size, meaning that ξ ∼ L.
For this reason we replace ξ with L inside (B3) and invert
the equation to obtain |g − gc| ∼ L−1/ν . Therefore, we

can assume that the pseudo-critical points g
(L)
c follow the

relation

g(L)
c = aL−1/ν + c, (B4)

which we can then fit against our numerical data and
extrapolate gc as

gc = g(∞)
c = lim

L→∞
g(L)
c . (B5)

The result of this procedure is shown in the bottom sec-
tion of Fig. 10, where we have obtained gMc = 0.57(1).
This value is compatible with the known result gthc =
0.5731 available in literature [92].

It is important to point out that in the gauge model,M
corresponds to the expectation values of ’t Hooft strings,
i.e., the product of strings of σx along paths in the dual
lattice, which makes it a non-local order parameter from
the gauge model point of view.

Another method of finding the critical point is by mea-
suring the entanglement entropy (EE), which is defined
as

S = −Tr ρA log ρA, (B6)

where ρA is the reduced density matrix ρA = TrB ρ, with
A ∪ B being the bipartition of the whole system. In
our case, we simply cut the system in the middle for the
bipartition. Both the ferromagnetic and paramagnetic
phases are gapped, with a finite correlation length ξ < L,
meaning that the entanglement saturates quickly with
the system size. On the other hand, at the critical point,
due to ξ → ∞, we expect the entanglement to grow,
especially with increasing system size, and to saturate
to a much higher value when compared to the gapped
phases. Therefore, we expect a maximum in S at the
critical point.

Similarly to before, with the positions g
(L)
c of the EE

maxima and finite-size scaling, we can extract the true
value of gc. As before, we can extract gc by extrapolating
for L→ ∞ with an appropriate scaling law, and the data
suggest a simple relation

g(L)
c = g∞c +

a

L
. (B7)

We can see the outcome in the top panel of Fig. 10, where
we have obtained a value gEE

c = 0.570(4), again compat-
ible with available literature.
We remark that we are not looking for an accurate

estimation of the deconfining critical point, hence the
rudimentary procedure. We only need a value precise
enough to distinguish the second-order phase transition
of the gauge model from the roughening transition of the
flux string. Furthermore, the use of square lattices makes
the extrapolation to the thermodynamic limit much more
sensible than doing so with rectangular lattices.

Appendix C: Higher-order corrections to the
potential

Besides the Lüscher term (17), other higher-order cor-
rections to the potential can be obtained through the
proper modeling of the flux string. But the latter has
not been an easy task, especially if one intends to quan-
tize the model. For example, the simplest proposal is the
Nambu-Goto action [116, 117] and it is Lorentz-invariant
only at the critical dimension D = 26. Another example
is the Polyakov action [118], whose quantization leads to
an extra oscillatory mode. The most accepted proposal
for a quantum model of a quantized string comes from the
Polchinski-Strominger action [119], which is an effective
model valid only for long strings.
The spectrum for an open string with Dirichlet bound-

ary conditions of the Polchinski-Strominger model is [100]

En = σr

√
1− π

12σr2
(D − 2) +

2πn

σr2
. (C1)
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FIG. 10. Finite-size scaling of entanglement entropy S and
magnetic susceptibility χM . Left : S and χM ((a) and (c) re-
spectively) around the critical point for L = 4, . . . , 7. The EE
is computed for a half-lattice bipartition, while the magneti-
zation is evaluated only in the bulk (square region with side
⌈L/2⌉). In both cases we used 101 points for g ∈ [0.5, 0.6].
Right : the extrapolation for L → ∞ of the pseudo-critical

points g
(L)
c , both for S (b) and χM (d). From the EE we find

gEE
c = 0.570(4), while from the susceptibility gMc = 0.57(1).
Both are compatible with the known value gthc = 0.5731 that
comes from the literature [92].

By expanding the square root for n = 0 (the ground
state), one can find the higher-order corrections to the
potential. At order r−3 one obtains

E0(r) = σr − π(D − 2)

24r
− π2(D − 2)2

1152σr3
+O(r−5). (C2)

Notice that the Lüscher term (17) is recovered plus en
extra term δ/r3, where

δ = −π
2(D − 2)2

1152σ
. (C3)

Using the same setup of Sect. III C, an attempt to fit
the correction term (C3) has been made, but the results
have not been promising, as can be seen in Fig. 11. In
this regard, we recognize the following issue. First, con-
sidering that (C3) is obtained from the effective action
of a long continuous string, we suspect that the finite-
size and lattice effects in the present setup are still very
strong for such a high-order term. Second, similarly to
the Lüscher term in Sect. III C, the effective speed of
sound vs of the string must enter the Hamiltonian de-
scription and therefore also in (C3) in some, yet to be
determined, way.

Appendix D: Scaling of the kink mass and
estimation of gr

Following the definition (20), we have computed the
kink mass mk in the confined phase in a 30 × 5 lattice,
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FIG. 11. The O(r−3) correction term δ times σ of (C3) on a
lattice with L = 30. Data of the potential for r = 7, 8, . . . , 21
have been used for the fit.
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FIG. 12. Scaling of the kink mass as a function of 1/R for
different values of the coupling. The dotted lines represent
the fit with a fifth-degree polynomial in 1/R.

for separations R = 10, 11, . . . , 20 and for different cou-
plings. Based on the literature [19, 72, 73, 83], we expect
the roughening point to be in the region 0.8 ≲ g ≲ 1.0.
Hence, we have used 41 points in interval [0.8, 1.0], while
only 11 points in [1.0, 2.0]. The kink mass as a function
of R is shown in Fig. 12 only for some values of the cou-
pling. From observing the data, we have assumed that
at finite sizes, mk scales as

mk(R) = mk(∞) +
a1
R

+
a2
R2

+ . . . (D1)

For this reason, it has been fitted against a high-order
polynomial in 1/R (in this case, fifth-order). Then, an
estimation of the limit value of mk(R → ∞) is simply
given by the constant term of the polynomial. The results
of this fit are shown in Fig. 12 with a dotted line for
some values of g, while the overall shape of mk(R →
∞) is depicted in Fig. 6e. The errors on mk from this
extrapolation are, on average, in the order of 10−5.
The gap ∆ near a BKT transition gBKT is known to

exponentially close as [90]

∆ ∼ A exp

(
− b√

g − gBKT

)
, (D2)

when coming from the massive phase (A and b are con-
stant to be determined), whereas ∆ vanishes in the criti-
cal phase in thermodynamic limit. If we suppose thatmk
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indeed quantifies the gap only in the massive phase, as
argued in Sec. IIID, then from comparing mk(R → ∞)
to (D2) we should be able to get an estimation of the
roughening point gr = gBKT. In order to do so, we need
to be close enough to the roughening point, but without
falling into the critical phase. For this exact reason that
we select only the points in the interval g ∈ [0.9, 1.0].
The result of the fit is shown in Fig. 6f, from we have
found we find gr = 0.907(1), A = 11(2), and b = 1.44(6)
We warn that the precision about the roughening point

gr should be taken with a grain of salt. Due to the neb-
ulous relation between the kink mass and the real exci-
tation gap of the string in the vicinity of the transition
point, it is still unclear what the proper finite-size scal-
ing procedure should be applied to mk. For example, we
have been unable to apply the techniques developed in
[120, 121], sincemk does not reflect the gap in the critical
phase. Second, it should be noted that the extrapolation
of mk(R → ∞) yields in the interval [0.8, 0.925] slightly
negative values in the order of −10−3 to −10−4 with an
error in the order of 10−5. The magnitude of this error is
sensitive to the order of the polynomial used in (D1). We
suspect that the issue lies with logarithmic corrections to
the gap at the BKT point [122].

Appendix E: Numerical methods analysis

In MPS simulations, a typical, problem-agnostic source
of error is the approximation of the bond dimension χ.
Nevertheless, our specific problem under study requires
additional considerations. The finiteness of the system
considerably influences the outcome of the experiments,
even if performed in ideal settings. For this reason, we
need to take into account finite size effects (as already ex-
plained in Appendix B). Since we embed our system in
a 2D lattice, we have both transversal and longitudinal
finite-size effects. The scaling in those two dimensions
allows us to retrieve what would be the correct thermo-
dynamic limit. Eventually, when studying the dynamics
of the model, we have another source of numerical error
due to the approximation of the evolution operator, that
is, the Trotter error. In this section, we show all the tech-
niques adopted to obtain the static and dynamic results
with a consistent degree of reliability.

1. Vacuum sector analysis

For the results of the vacuum sector presented in the
previous Appendix B, we use square obc lattices of side
N = L = 4, 5, 6, 7 and maximum bond dimension of
χ = 64. As the physical dimension of our MPS is, as
shown in Fig. 3, 2N , the larger the transversal size, the
more entanglement will build up, and the larger should
be the bond dimension to well represent the true ground
state. Thus, we take the largest lattice of 7×7 to show its
convergence in χ, implying this will be valid for smaller
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FIG. 13. Convergence in bond dimension of ’t Hooft and
EE for 6 × 6 lattice. Top: The difference between the maxi-
mum bond dimension 512 and smaller ones for the Magnetic
Susceptibility (left) and Entanglement Entropy (right). At
χ = 64, we have in both quantities a significant convergence
of 10−5 - 10−7. We explain this difference in the order of
magnitude because of the phase transition that we are cross-
ing. Bottom: Schmidt values decay at two different electric

couplings g. At the pseudo-critical point g
(L=6)
c , the system

is “harder” to approximate than for other g and the tail of
Schmidt values decay slower than, e.g., g = 0.7.

lattices. The convergence of the bond dimension depends
on the observable we are analyzing, and can have differ-
ent rates. Here, we are interested in the convergence for
the two quantities dM/dg and the entanglement entropy
S. To do so, we look at the difference between a maxi-

mum bond dimension and the others ∆Ô
χ (χmax, χ) for the

observable Ô we are interested in. The results in Fig. 13
show that this difference goes to 10−5 - 10−7 already for
bond dimension χ = 64 that is the one used in the pre-
vious Appendix B to find the critical point gc with great
precision.

2. Two-particle sector analysis

The numerics of the two-particle sector makes use of
cylindrical lattices, which allows us to reduce finite size
effects in the transversal direction. The effective string
symmetry is U(1) in the thermodynamic limit, but for us
the transversal fluctuations are truncated and effectively
represented by a ZN gauge group. Thus, as already seen
for the entropy (inset of Fig.4c) and the string width
(Fig.4a), the transversal size N highly influences the ob-
served physics as g → gc, the deconfinement point. This
is not true for all the coupling values g, as for some quan-
tities the results are independent of N . Even though the
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FIG. 14. Convergence in bond dimension of EE for 6 × 30
and 4 × 70 lattice. Top: The lattice with transversal size
N = 6 shows a convergence in bond dimension around 0.90
for χ = 128. For χ = 256 we see convergence with χ = 512 for
all the couplings g > 0.8. This is valid for R = 20. Bottom:
The same procedure is applied for N = 4, but we take a larger
longitudinal size L = 70 and maximum string of R = 50. Here
we can appreciate the complexity of the roughening region
where the χ required to correctly represent the ground state
of a large string grows.

results converge in N , most of the quantities we are inter-
ested in are valid for the limit of R→ ∞, and thus, need
to converge in our longitudinal size L. Hence, fixing N ,
we show these two aspects in the following: convergence
in bond dimension of the EE and w2 for fixed charge sep-
arations R, and convergence to the asymptotic limit of
the Lüscher term, central charge, and on-axis vs. off-axis
comparisons varying R.

Firstly, for a lattice 6 × 30 we find a maximum rela-
tive error between the string widths w2(g = 0.625, R =
19, χ = 256) and w2(g = 0.625, R = 19, χ = 128) of
4×10−4. Nonetheless, the entropy converges more slowly,
and higher bond dimensions are needed (top panel of
Fig. 14). We show in the bottom panel of Fig. 14 the
EE for a cylinder 4 × 70 with a string of R = 50, and
χ = 64, 96, 128, 192. Here we can appreciate the compu-
tational hardness of the roughening region, that is, where
the bond dimension struggles the most to converge.

Then, we address the convergence to the Lüscher term
γ and central charge c that should be −π/12, and 1, re-
spectively, in the crossover region. This analysis allows
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FIG. 15. Lüscher term γ and central charge c for lattices
increasing in transversal N and longitudinal L size. Top: The
Lüscher term γ is affected by both N and L. By increasing N,
we increase the extent of the roughening region, by increasing
L, and consequently R, the value of γ(g) gets closer to the
universal value (black dashed line). Middle: The same results
seem to apply also for the central charge c, which is extracted
fitting for different R following (14). The plateau gets closer
to the bosonic string prediction of c = 1 (black dashed line) as
we use larger strings with many transversal degrees of freedom
available for fluctuations. Bottom: The difference in on-axis
and off-axis potentials of the string tension σ. We change N
and L and see that the onset of the roughening region depends
more on the length R of the strings than on the transversal
size N .

us to see that the extent of the roughening region de-
pends on the transversal size N as depicted in Fig. 15.
The larger the N , the more the plateaus in the Lüscher
term and the central charge sweep couplings up to the
thermodynamical limit of the deconfining point gc, the
actual critical point of our model. On the other hand, by
increasing the length of the cylinder and the separations
R considered in the fits to extract γ and c, we observe
a flattening of the plateaus to the expected theoretical
values. As a last remark, we also report the difference
in the on-axis and off-axis string tensions σoff − σon at
the onset of the critical region for the string. The oscil-
lations present also in the right plot of Fig. 5 are not due
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FIG. 16. Error dynamics in EE and string width w2 due to finite trotter step δt, transversal size N , and bond dimension χ. On
the upper part, we show the string thickness behavior for trotter steps δt ∈ [0.01, 0.05] (a), transversal size N from 5 to 7 (b),
and bond dimension χ from 128 to 256 (c). While for (a) and (b) we see that w2 is affected, it seems to converge nicely with
the bond dimension. On the lower part, we present the entanglement entropy in (d), (e), and (f) with the same parameters as
above. Here, the entropy shows quite different behaviors. It is converging faster for changing δt and N , but does not converge
in bond dimension for t ≳ 4.

to the transversal size N (here it is clear that for N = 5
and N = 6 the result is unchanged), but they are caused
by the short R considered for the fit of the on-axis and
off-axis potentials.

3. Dynamical error analysis

In this section, we see the main limitations of our
TEBD algorithm. The Trotterization procedure can
greatly affect the expectation values of our observables.
From Fig. 16a–d, we see that the string width varies by
changing the δt, with a great influence at short times as
shown in the inset, but the entanglement entropy con-
verges faster. The transversal size also plays a big role in
the saturation of the quantum fluctuations of the string.
Letting N grow to 7, we see that the spreading of the
string does not seem to stop for a value in the roughening
region. This suggests that more studies on the transver-
sal size are needed to understand when the string is satu-
rating because of the coupling or for the finite transversal
size. This is clear in Fig. 16b–e where w2 seems to sat-
urate around t = 2 for N = 5, but the result for larger
N clearly shows that this was a finite size effect. Con-
trarily, the entropy seems to follow a bit better the trend

of larger lattices even though they are not converging.
Finally, in Fig. 16c–f, the result of changing the bond
dimension, fixing the δt = 0.05 and the lattice to 30× 6
shows no particular difference in the trends for a string
of length R = 10.



18
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